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SECTION 1 CONTINENTS AND^ OCEANS 



- r 



'The planet earth has a volume of 1.08. x 10^^ ),^3^»- ^^^^^ 
surface.area is 5.13 x 10^ km^, of which ^1^6 land area makes up 
only about ,1 .49 x 10^^ km^ . Most of this land area is distributed 
ampng the seven continents. Table 1 lists the approximate areas 
of these continents. 



TABLE 1: The Continents 



Name 


■Area in km^ 


Africa 


2.99 X 10^ 


Antarctica 


^ 1.43 X 10^ 
.4.42 X lo7 


Asta "7 


Australia ^ 


7.72 X 10^ 


Europe 


9.74 X- IqS 


North America^ ^ 
South America 


2.44 X 10^ 
^, 1.77 X 107 
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. How can we compare the areas of these continents to get- 
5ome idea of the distribution of the earth's land areas? One way 
to compare, quantities is to rank them in order of size. To be able 
t(^ do this for the areas of the continents, nve need to be able to 
-decide -which of the numbers in exponential notation is largest. 
There are^,wo possibilities: ' Either the numbers have the same 
power of ten or they do not. If the pow^s of ten are the sajne we 
compare the .coefficients. 



For examtfle, which has the larger area^ iffrica or Antarctica? 
The area of Africa is 2.99 x 10^ km^, whereas the area^of Antarctica 
is 1 .43' X 10^ km2 . Tha powers of ten are the same:, and so the 
larger number is the one with the greater coefficient. Therefore, 
Africa has a greater land area- than Antarctica. 



* Whe' two numbers have different powers of ten we can re- 
Hl^te them with equarpowers of ten. For example, which continent 
has a larger area, ^ Europe or North America? The area of Europe is^ 
9.74 X 10^ km^ arid the area of North America is 2 .44 X^IO^ km^ . 
Let us rewrite 2 .44 x I'o^ y.^"^^ ^^le area of North America, as 
24.4 X 10^ k'^^ . We can then see that North America has a greater 
> area than Europe. 



V 



^ " - Of course, when numbers are given in standard form there 
is no need for rewriting.. ,We s imply look -a'^t the powers of ten. 
The number with' the greater power of ten Is the larger of the two. 
Therefore, we can immediately say th^t the area of North America 
Is larger than the area of Europe because 10' Is greater than 10 . 
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Rearrange Table 1 so that the continents are listfcd in order 
from the largest to the smallest. f 



In Table 2 the areas of the oceans are listed. 
TABLE 2: The Oceans 



Name Area in km'^ 

Atlantic -^.69 X 10^ 

Arctic . 1 .33 X 10^ 

Indian * 7.37 x 10^ 

Pacific 1.67 X 10^ 



(a) Which ocean has the largest ^rea? 

(b) Which ocean has the smallest area? 

Which is greater? 

(q) 3.5 X lO^.or 56 X lo'^ • , ' 

■ (b) 23 X 10^ or 3.1 X 10^ • ' ' ' 

(c) 3.7 X 10^ ©r 36 x 10^ 

Which of the two numbers is greater? 

(a) 1.49 X 10^3 X iqIO m ' 

(b) 1.49 X 10^^ cm^? 3.6 X 10^ km^ ' . ' " 

To 9ofnpare two numbers in standard form that have different 
powers of. ten, why is it not necessary to change tl^e'm to the 
same power of ten? 



Often, Just ordering numbers is not enough to tell us wlxat 
wish to know. For example, Table 3 presents the world popu- 
UaHo'n by continents from 19 50 to 1970. If we are describing po^- 
latlon growth for any coritine-nt during that period of time, we would 
te interested not only in the^act-that the population is greatep-in 
1970 than'in ,19.5'0 but also by- hc^ much It is'greater. 

TABLES: World Population, by Continents, 1950-1970 ' 
Continent*^ , 195(rv,^ - 1950 1970 

. Asia ^ ' l.'38Xl'o9 1.66X10^ 2.06X10^' 

Europe ' 5.72 X 10^ 6.39X10^ 7.05X10^ 

rth America 1.66X10^ 1.99X10^ 2.27X10^ 

South America 1.63 X 108 2.14 XlO^ 2.83 XIO^ 

Africa 2.22 Xio^ 2 . 78 X > 3 .44 X 10^ 

Australia ' 1.3X10^ 1.6X10^ 1.9 5X10^ 



Source : Adapted from U.N. Demographic Yearboo)< * 



To fin^out by how much oije quantity i3 greater than another, 

wa calculate tfhe difference between them by subtracting one from th^e 

other. . ■ 

I ^ " '* 

To subtract or, to add numbers in exponential nqtation the num- 
bers must have the sann^ power of ten. When this is not the case, 
the numbers must be rewritten. For example, to calculate the differ*- 



ence between th^ population of Asia and the population of Europe in 
1970 we would proceed as follows-: » 

(2.06X lO^} - (7.05¥ 10^) = (2,06 X 10^) - (0. 705 X 10^) 

= (2 .06 - 0.705) X 10^ 

= 1 . 355 X 1*0^ 

Therefore, Asia has approximately 1.36X 10^ or 1.36 billion people 
more than Europe. ^ ' 

Similarly, to find the combined population of Asi^, Africa, 
and Australia in 19 60, we would add. 

(1.66 X 10^) + (2.78 X 10^) + (K6 X 10^) 

= (1.66,^ 10^)+ (0.278^X 10^)+ (0.016 X 10^) 
= 1.95 X 10^ 




6. Table 4 lists figures for U..S. fuel producti.on during 19 72 and 
-197 3. Find by how much the production of each fuel has 
. chapged from 1972 to 1973. 



TABLE 4/ U.S. Fuel Productton 


Fuel 

Crude' oil (in barrels*) 

Natural gas {in ft^) 

Anthracite coal (in short tons**) 


. 1972 
3.46 X-10^ 
2., 2 5.x 10^2 
7.10 X 10^ 


1973. 
3.36 :k 10? 
2 .26 X 10^-^ 
6.83 xao^ 



A barrel of crude oil is equal to 42 gallqns. 
A short ton i's^ual to 2 000 pounds. - 



1\ (a) Use TalDle 3 to f kid the increase In population from 19 50 
to .1970 for each of the cqpttnents . 

>(b) Which continent had the greatest Increase? * 
"(c) Why do you think Antarctica is not listed? 

(d) Find the total world population far 1950, 1960, an^d 1970 . 

(e) By how much did the total world population increase from 
1950 to 1960 ? From 1960 to 1970 ? Which Is the greater - 
Increase? 



If you were to answer -each of the following questions, decide 
whether you would compare the quantities involved by ordering, 
by subtracting, or by both.. s 

\a) Who is the tallest student in your class? 

-(b) How many more students are In your classroom than In the 
one nejrt door? 

(c). Have, you saved enough money to buy the bicycle you saw 
on sale for $63 .98 ? If not, how much more do you need to 
save? / " ^ , 

'(d) Will the carton of books fit underneath the table? 



SECTION 2 REPORTING SUMS OF MEASURED QUANTITIES 



Suppose that we want to add the followipg lengths: 3. 12 km, 
14 .1 km, and 8.19 km. The length- 14.1 km- Is known to-the rtearest 
O.I km. The other two lengths, 3 . 12 km ^nd 8 . 19 km, are both' 
known. to the nearest 0.01 km. How should the sum be reported? 
Should we report It to the nearest 0.1 km or to the nearest 0.01 km? 

The smallest subdivision to which a measurement Is- known 
tells us Its precision : the smaller the subdivision, the more precise 
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the measurement. Therefore 3.12 km. and 8.19 krn are both mofe pre- 
cise \han 14 . 1 km. 

The results of adding measured quantities canr\ot be moFe r 
^precise than the original data used. A sum or a difference should, 
therefore; be expressed to the same degree of precision as the least 
precise number used in the'calculation. 

Adding^ our -distances , we find 

3 .12 km 

•' * 14.1 km 

•+ 8.19 km • 
25.41 km 

Since the least precise measure, 14 .1 kra, is known tq the 
nearest 0.1 km, the sum Is rounded off to the nearest 0,1 km and 
therefore, should be reported as 2 5.4 km. 




9. " What is the smallest subdivision to which each of the follow- 
ing measurements is given? 

(a) 13.24"m 

'(b) 132.4 }cm ' 

(c) 0.1324 km * .. " 

(d) 1324 cm ■ - . 

10. Round the following measurements as indicated. 

(a) .1,247 m to the nearest 0.01 m 

« » * , ' • 

(b) 1 .247 m to the nearest ,0.1 ^ 



(c) 0.^84 km^ to the nearest Orl km^ 
r ' ' (d) 1 .247 m to the nearest 1 m ' ' * 

^ ^1 * • ^ 

11. Do the following additions and express each result to the right 
precision. ' • 

(a) 326 m +-4S1.3 m + 49 m + 27.45 m 

(b) 12.6 km + 120.31 km + 0.b73,k-m + 2 .436 km 

(c) :i.49. cfn + 133 cm + 2.38 cm + 16.6 ^cm 

/ % 



Which me~3surement is given more precisely, 139 m 6r 6. 13 km. 
The 'measurement 139. rr^'is known'to the nearest meter, whereas 
6.13 km is known to the nearest O.Ol kmor ^9 m. And' so we know^ 
\hat 139 m is more precise than 6.13 km.\ ^ • , ^ 

Not^Kpwever,^ that we cannot say that 3^,5 hours is more 
or less {irec^^han IS.si^'m bjecause we ^STnnot comparfe 0.1 hour 
■ and 0.01 fiH ' 

^2 . For each of the following pairs* of. measurements, leil which . 
' erf th'e two measurements is less precise and why. 

(a) 6 cm; 2.3 ctn . . * ^ 

' ^ ^ ' - . • ^ 

(b) 1 ;38 m; 3.9 m • . ^ - ' i * 

(c) . 2.34 in.; 2 .328 in. > ^ . ' ^ 

* (d) 32l-m3; 33&.5 m^ • ^ • • , ;/ 

13. For each of the followi,ng pairs of measurements, ij^ll which . 
of the two measurements is mo'r6 precise^nA why 

(a) 32 cm; 3.5 m 
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(b) 138 m; 3.65 km 

(c) ^' 4,2 in.; 60 hours 

(d) 0.05 cm^; 17 cm^ 



Jn Table 1 the areas of North America and Europe are re- 
ported 'to different degrees c3l^^tiltecJ.sion. The area of North America, 
2.44 X 10^ km^, is given to the' nearest km^. The area of Europe, 
9.74 X 10 ^km^, is given to the nearest lO'^km^. Therefore the area 
of North America is reported less precisely than the area of Europe. 




♦ If we wanted to calculaife the difference between the areas 
of the two continents we would, therefore, report this difference 
to the nearest 10^ km"^. This is the degree of precision of the least 
preci,§9. numberused In the subtraction. 

(2.44 X 10^ km^) - (9.74 X 10^ kjrf^) = 1.47 X 10^ km^^ 
Singularly, if we wanted to calculate the sum of these two areas^ we ^ 
would report the sum to the nearest 10^ km^ . 

(2.44 X 10'^ km2)r+ (9.74 x 10^ km^) = 3.41 x 10^ km2 




-a 



14. What- is the smallest subdivision to which each of fhe follow- 
ing measurements is given? ■ . 

(a) Z.gxiO^km , . 

Jb) 7.72 X 10^ m 

fWc) 7.723 X 10^ m^ 

(d) 2.06 X 10^ people 

/ 



er|c ; ^ ' 11 
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15.<r. Round these measurerpents as indicated.. 
, (a) 1.342'x 10^ m,to the nearest 10^ m 
(b) 1 .342 X 10^ m to the nearest lO'^ tti 
-(c) 1 .08 X 10^^ km to the nearest 10^"^ km 



(d) 1.08 X 10^^ km to' the' nearest 10^^ k 



m 



16. Which of the following measurements is less, precise and Why?, 

(a) 1 .-38 X 10^ people; 3.92 X 10^ people 

(b) ' 1.66 X 10^ m^;- 1.3.x 10^ m^ ' " 

(c) 9 .3 X 10^ rfiiles; f . 6 X 10^^ miles , ^ 

(d) 3.2 X 10^ '^m; S.l'X 10^ m 

(e) 3.2 X 5.134 X 10^ m* 



17. Refer to the paragraph in Section 1 of thi.s chapter where we 
compared the population of Asia, and Europe in 1970. Which 
'^^nswer, 1 .355 X 10^ or 1.36 X 10^,, states the difference to 
the right precision? ^ 



18. Refer to the paragraph in Section 1 where the sum of the popu- 
lations of Asia, Africa, and Australia was calculat^. Was 
. the sum given "to the right- precision,? Justify your conclusion. 



19. Restate your answers for Problem 6^ so that all calculations 
are given to the right precision . v 

, / 

20. The area of the 48 United States before 1959'*was 7.8 X 10^ km^. 
During that year*, ^Alaska ([area = 1.5 X 10^ km2) and Hawaii 
(area = 1.7 x 10^ km2) became the 49th and-SOth states, re- 

, spectively . ^ 

(a) Find the area of the U.S. including Alaska. 

(b) Find the area including all 5ft states. 



PRir 



12 
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SECTION 3 RATIOS 




Often we compare numbers by stating how' many times one 
, is'larger than the other rather than by how much they differ. For 
' example, an 80-pound dog is 8 times as heavy as a 10-pound iat 
although they.differ by 70 pounds . Or a $4000 car costs 40 times 
as much as a $100 bicycle whereas the difference between them is 
$3900. ^ , ^ 



To find how many times a quantity x is as great as a quan- 

tity we calculate the ratio of x to y} %hat isv we divide x by y^. 

Thus to find how many times larger $15 Is than $3 we divide $15 )Dy 
$15 

$3 • The ratio -j^ = 5 tells us that $15 Is 5 T:imes as large as $3 . 

However; we might vyant to find how many times $3 is'as large as 

$ 3^ 1 ^ 
$15. The ratio or - = 0.2 tells us that $3 is 0.2 times as 

large as $15 . - ' ^ ^ ' 



If-vtwo quantities are to be compared by finding their ratioy 
they must be expressed in the same units. If they are given in 
different.units, oi^e of the quantifies has to be converted to. the 
unit of the other quantity. Let us look at an example: ^ How tnany 



times is 2400 cm as large as 12 m? By converting 2400 cm into 

' 94 m * 

meters, we have 2400 cm = 24 m. The ratio 7- — = 2 tells us that 

" ' ^ ^ 12 m 

24'00 cm is 2 times' as large as 12 m.' 
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21 . Find the ratio of 

(a) 3 6 m to 10 m 

(b) fifty dollars to thirty dollars 

(c) $0.25 to $6.25 

/^x 800 km 
64 km 

(e) 6 cm to 48 cm 

22 . Find the ratio of 

(a) $5.00to25<^ 

c 

(b) 6.2 m to 40 cm 

(c) 4 m to 4 cm t 
. (d) 36 km^ to 36 m^ 

^{j) one quarter to twenty-five dimes 

(f) 120 minutes to 2 hours 



23. Which is heavier, the dog or the cat, if the ratio of the weight 
of the dog to the weight ^of the^cat Is 

9 (a) greater than 1? 

(b) less than 1 ? * 

•(c) equal to 1? 

24. Boeing 707 jets can travel at a speed of 600 mph, and super-** 
SQnlc transports (SST) can go 1400 mph.' 

(a) Will the ratio of the' speed of the SST to the Boeing 707 
be greater than, less tha^n, or equal to 1 ? 

(b) Calculate th\s ratio. 
^ '(c)" fiy how mUch do the 'two speeds differ? 



r 
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25. 


The fastest Speed recorde'd for ^human belhg Is 29.89 mph. ^ . 
A cheetah (hunting leopard) Is the fastest land animal ajid ' 
can, run about 60 mph. A humafi being runs how many times 
as fast ps a cheetah? 


\ 

•1 


26. 


Use liable 5 to answer the following questions. 

(a) How, many times as many people speak Chinese as speak 
Russian? 

(b) Find the ratio of the number of Portuguese-speaking people 
to*tl>e number of Spanish-speaking people. i 


• 




(c) How many times as many people speak English as speak 
French?' 

TABJLE 5: Principal Languages of the World 

Language Number of Speakers (in millions) 

Arabic " * ' 98 - ^ ^ 
Chinese , 709 
Engll'sh / 345 
French ^ 75 . 






German ' 120 

Hindi 181 . , 
. Japanese 102 
.Portuguese 97 
Russian 188 . ^ 
' Spanish " 179 . 




27. 


At birth a blue whale Is about 7 meters long ar\d weighs abqut ^ 
2.3 tons. An adult blue whale Is approximately 22 meters 
long and weighs about 13^ tons. * $ 

(a) What Is the ratio of an adult's weight to a newborn's weltyhf? 

(b) What Is the ratio of an adult's length to a newborn's length? 

f 
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SECTION 4 AREA AND POPULATION MAPS 




Whenever we have facts about regions of the Earth such' as 
continents or countries, we can present these facts dranj^tlcally by 
using maps.' For example, the data listed in Table 1 of this chapter 
can be dramatized by using a map such as the one In Figure 1« 

Such a map does not faithfully show the shapes of the con- 
tinents since it represents each one by a rectangle. The map, how-> 
ever, does vividly illustrate the relative sizes of the continents. 
For example, the area of the rectangle for Africa is about twice the 
area of th'e rectangle for Antarctica, and so we can tell that Africa 
is twice as large ^'s Antarctica, c 

t * The little square in the lower right-hand corner of the map 
serves a s a s cale. With it we can calculate the area of each .con- 
tinent. For example; Australia is represented by a rectangle that 



NORTH 
AMERICA 



Figure 1 

AREAS OF THE 
CONTINENTS 





AFRICA 



ANTARCTICA 



AUSTRALIA 



1 = 5 x*lo^ km^ 



has an area of about 15 times ttie area of the little square. The 
area of Australia. Is 15 x (5 x 10^) km^ = 75 x 10^ km^ , or about 



8 X 10^ km^ 



ALASKA 



CANADA 



UNITED STATES 



Figure 2 AREAS OF 
NORTH 'and south 
AMERICAN COUNTRIES 



MEXICO 



^ 



GREENLAND 



/ 

\ 



CUBA 
I HAITI 

D.R. 



§N 



= 5X10^ km^ 



J. P.R. 



OH 



In Figure 2 we have 
another map similar to the 
one in'Figure 1. Here each 
rectangle represents the 
area of a country. Note 
how the rectangles are 
arranged so that the'map, 
takes on the 'outline of 
North and South America . 



CQLOM. 
IE 



PERU 



B. 



PA. 



VEN. 



G.fs:|-:;^P.G 



BRAZIL 



ARGENTINA 



UR. 



* .Area is not thhe.^mly quantity that can be displayed on such 

maps^' Figure 3 is .gnother map of the countries of North and South 

. America. In this map each rectangle represents the population of 

each country. Note, for example, how small Canajia appears in 

relation to-the United States.^ Contrast this with the map in*Figure2. 

i * 
I- 

Figure 3 ' 1973 .POPULATIONS of NORTH AND 
./ SOUTH AMERICAN COUNTRIES^ 



= 10 people 



:4. 



ARG. - 
B. 

C. R/ - 
COL. - 

D. R. - 

E. S. - 
EC. ■- 
G. 

GU. - 
H. 

HA. - 

y" - 

N.. - 
P. 

P.R. - 
PA. - 

UR. - 
VEN. -' 



Argentina 
Bolivia 



Costa, Rica 



CANADA 



UNITED STATES' 



Colombia 

Dominican Republic 
El Salvador 
Ecuador. 
Guyana 
Guatemala- 
Honduras^ 
Haiti 
Ja%alca 
Nicaragua 
Panama 

Puerto Rico * 
Paraguay 
Uruguay 
Venezuela. 



MEXICO 



GU. 



CUBA 



HA 



D.R. 



CR. COL. 











R 




U 





VEN. 



BRAZIL 



ARG. 



•28. Which do you think is more crowded - the United States or'^^ 
Cana'da? ^ - * . 

29. Why do you think Greenland is missing from the map in Figure 3 

30. The area of the State of Alaska is represented/by a separate 
rectangle in -Figure 2. However, in Fignre 3 there is no 'se|te~ 
rate rectangle for the population of Alaska. Why do you think 
this is so? If you were to draw the rectangle what would you 
use for the dimensions? (The population of Alaska 'in 1973 was 

^ 3 X 10^ people.) ' 



31. The rectangle in Figure 3 for the population-.of the United States 
has dimensions of. 3.2 cm X 6.5 cm. Suggest other dimensions 
that could h^ve been used. ^ * i 



Get together in groups. Use the data in-Table 3 of this thap- 
ter to make a map of tTie continents thdt reflects the population of 
each continent in 1970. Compare this map with the map of Figure 1. 



In an almanac, look up the land area arid pop'uli^tiori of your 
state and all adjacent states. From this data, make up fwo'maps, 
one to display the area of each state, and one to display the popu- 
lation. 



) 
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SECTION 5 ; NEGATIVE EXPONENTS 




•32 



/ill 



Mdlttply: 

(a) 1000 X loooq 

(b) - -1^000000 X 100 

(c) lo^x.iooqo 

(d) 10^ X 10^^- 




33. Divide: 

(a) 1000000 -r-L06 

(c) -lO^-flO^ 
108 



(d) 



10' 



The quickest way to multiply two powers of ten is to ad^ their 
exponents. Similarly, the quickest way to divide twjCr 'powers of ten ^ 
is to subtract their exponents. . , • ' 

Examples: -10^ x 10^ = 10^"^^ = 10^^ ^ Y. [ '^ 

^ 10^^ ib^ = 10^"^ = io2 ' ■ 

However, what do you do with the following' division problem? 

If we subtract the exponents, we get ' ^ 

10^ H- 10^ = 10^"^ = 10"^ ' ' • 
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On the other hand, if we do the division by simplifying the.fraction 

102 fr. - . 

~ — r , we get 

10^ . ' ^ 

lOi ^ 10 X 10 \ i_ 

10^ lO'x 10 X 10 X 10 X 10 10"^ ' 
And so we can apply the rule for dividing powers of ten to such prob 

lems as 10^ ^ 10^ by defining p-3 to be equal to .Jn fact, thi 

' . ■ ^ 10"^ 

Indicates how to give meaning to any negative exponent; 

By 10~" we'mean 



lo" ^ 



where n is any positive integer. 



. ^ WlthJ;hls definition of negative- exponents, we can always 
use the quick way of dividing tw« powers of te'rl, whether the result- 
ing expohent Is positive or'negative. 

Note that 10 is ngt a negative number. In fact, 10"^ is a 
number between 0 and 1 since 

'f ie"3 = = = o-.ool 

V 10-^ 1000 
In general; /o""" is a numb^i^etween 0 and 1 . ' 



\ 



34. Express the following as fractions and as decimals. 
Ca) 10-1 ' ^ ' ■ 

(b) 10-2 ^ t . ' ' 

(c) . 10-6 ' . ^ . ' ' \ / - . . 

(d) 10-"* ■ ■'. 

I 
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35. Express the following by using negative exponents 
^ , . 1 ' 

o ■ ■ « 

10 • 



^10 X 10 X 10 X 10 



(d) ' 



looopoo » 

36. . Use negative exponents to express-4;Jie following d^mal 

numbers. ' ' . 

■(a) 0.1 . ' , 

• (b) 0.01 

<^ (c) o.ooei , " 

• (d) b. 00001 ^ ' . " 

37. Divid&r 



(a) 


103^4-. 


'lO-^ 


(b) 


4 

10^ -r 


10^ 


(c) 


10^ 


10^ 


(d) 


lO^-r 


107 


Divide: 




(a) 


1000 




1000 


(b) 


11 

10 






io£ 

10^ 




(d) 


10^ -T- 


10^ 



J'- 



( 
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39. How can we define 10^ In order to give it meaning? 

-4(>.y Order each group of numbers from smallest to largest.- 

(a) l6'2, 0, 10->, I. d.s' 

(b) 10^ 10"^ 0, 10, 10°, 10"2"; -2 



Remember how we change 2.7 x 10^ into decimal form. First 
we use the meaning of 10^ to tell us that 2 .7 X 10^ means 

2.7 X 10^ = 2.7 X 10 X 10 X \0 
Next, we actually perf6rm the multiplication. 

f 

A very quick way to multiply by ten three times is to shift 
the decimal point three places to the right. 

2.7.x 10^ *= 2 7 0 0 = 2700 | 



\ 



Each movement of the decimal point one place to'the right corresponds 
to multiplying the number once by ten. 

How dp we charige 3.1 x 10".2 mto decimal form?- We know - 

-2-1 •' 
that 10 ' means — r . Therefore, 

■ . ■ 

r- ' • ' 7 1 9 

' 3.1 X 10 = 3.1 X or aa-rlO'^ 

10 ■ 

To divide by 10^ we can divide by ten twice. Can we perform tftis 
division In a quick way by moving the decimarpoint ?^ Yes, but this 
time we move the decimal point two places to the left, 

3.1 X 10"2 = 0 0 0 3 1 = 0.031 
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and fill liflhe spaces wlth'zeros.. Each movement of the decimal 
y point one place to the -left corresponds to dividing by ten once, 

^ In Chapter 3 we learned hpw to express large numbers in 
exponential notation by moving the decimal point. For example, 

•< ' 3?0000 -3.6 X 10^ 

^ ^ What exponent goes In tl\e box? To find out, we start with/the 

coefficient 3'. 6 and move tte cTeclmal a certain number of places 

^ so that we get 360000 . ^ u ^ ^.^ 

/ ^ . * . ^ • ^ 

3 6 0 0P0 ^ 

, * ~ We moved the decimal point five ^places to the rlgnt, and so 




3 600Q0 = 3°.6 X 

" Moving th'e^cimal point also works when the orlglmal > 
number requires^ 4|eg,atlve power of ten. For example, / • ^ ^ 

07X1583 = 5.83 X 40 . ^ ~ ^ ^ 

. \ ^ " ~ 0 5 8 3""' 



^ In this cas^ we must move the decimal point two places to the left. 

And so we. write ^ ^ « . . ' 

' ^ 0.0583 = 5.83 X lO'^ . . * 




*41. Write the following numbers In ordinary decimal notation. 

(a) ' 4.3x10-2 . ' . m 

(b) 6.67 X10~^ . 
- (c), 5.16 X 10"^ . - _ 

(d). 1.71 X 10° ' V ' ' 
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•42. Fill In the box with the correct exponent, 
(a) 0.034 = 3.4 X 10^ 
(bf 0.0015 = 1.5 X loP 



(c) 0.780 = 7.8 X 10 



D 



/ 



Fill-in the box yith the correct exponent. 
. (a) 0.^^5.= 2.25 X IQ^ " '■" 
(()'^ 1/60 = 1. 6b X 10°:' 
^ (c).' 3700 = 3.7 X lo'-' 

(d) 0.07 ^ 7 X lo'-^ 

(e) 3.0.= 3.8 X 10^ '^^ « ' . 



\ 



'44. Note that ,5 xjb"^5 x 10°, and 5 x 10"^ are all positive 
' numbers, regardless\>f the sign of the exponent. We can 

.also represent negatiive nurnbers in exponential- notation b: 
* ' making, the coefficieAt negative. 

For example, • -5000 = -5 x 10^ 
and • ■ -100 = -1 x 102 ' 
* ; and -0.3 = -3 x 10-1' 

Write the following numbers in Standard form. 
■ , ' (a) -45 ■ /T ' ' . , ; / 
, ' y (b) -23,000 - * 
: 1 ■ . • .(c) -0.089 " ^ 
" . • (d) -0.00016 

•M (e) .-1.50 • • 
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45. Suppose you write a number, N, In standard form. State what 
the exponent of the power of ten must be if 



(a) 1 < N < 10 

(b) 10<N<100 

(c) ^ < N < 1 

(d) 'O < N < 1 - 



^ ^ (e) 1 < N . 



SECTION 6 ORDERS OF MAGNITUDE 




A 



1 



'Giant redwood trees^are not all the same height - some may 
be- 60 m high and othem, perhaps, 110 m. A useful way to describe 
the general size of redwoods Is to say that they are around 10^ m high. 

When a quantity, such as the slze'of. a redwood. Is estima- 
ted by the power of ten closest to the number, the estimate Is called 
the order of magnitude of the number. For. example, human beings, 
whether newborn babies or basketball players, are of the order of 

0 ' 9 

10 m. Files and bees are of the order of 10"* m. 

We determine the order of magnitude of a number by deciding 
which power of ten Is closest to it. For example, the order of macr---**'. 
nltude of 2300 Is lO^; that Is, 2300 Is closer to 10^ = 1000 than It 
is to 102 = 100 or 10^ = 10,000. Similarly, the-ofder of magnitude 
of 8 X 10^ = 8000 Is 10^ because 8 X IQ^ is closer to 10^ thant<3 10^. 
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_ ' Orders of magnitude are mosf useful when we wish to compare 
quantities that can vary over a'^vast range. Table 6 illustrates this 
point by giving us a rough idea of the sizes of objects. 'To compare 
sUch widely different numbers by ratio , we often nled to compare 
only their orders of magi\itude. l^or example, let us compare the size' 
of a redwood and the size of bacteria. Froy Table 6 we see that the 

1 0^ Q 

tree is r = 10^ timeis as large as bacteria. Or, in other words, 

the tree is 8 orders of magnitude larger. 



TABLE 6: Sizes of Objects on 


Earth (in 


meters) 


Distance from Equator to North Pole 


10? 


(10,000 km) 


» 




(1000 km) 


K 


^ 10^ 




Height of Mt. Everest 


10^ 






10^. ' 


(km) 


Giant trees: redwoods 


102- 




Whales 


lOl 




Elephants; human beings 


loO 


(meter) 


Small birds and mammals; large insects 


10-1 




Small insects; tiny fish 


10-2 


(cm) 




10-3 




Protozoa; grains of pollen 


' 10-4. 




Human bibo^-cells * , 


10-5 




Bacteria 


10-6 


(micron) 



Source; Adapted from D^Arcy Thompson, On Growth and Form 
(Cambridge University Press, 191 5). 



5-26 



When we say that a number iS one order of magnitude greater 
than another, we meari^that it is tei> t/m^ as great as that number. 
Similarly, If it is 2 orders of magnitude greater, it is fO^ = 100 times 
as great. For example, 9.28 X 10^ is 5 orders of magnitude greater 
than 2/67 X 10"^ because 10^ is lO^ times as large as 10"^. Note 
that 3 X 102 and 2 X 10^ would be considered to have the same order 
of magnitude. The order of magnitude of both numbers Is 10?. 




46. Estimate the following jis orders of magnitude.. 

(a) The width of this page in cm 

(b) The length of one mile in m 
"^^^d)'-^^^Chej^i^^ of your hand in m 

(d) The diameter^ a pencil In m 

(e) The thickness of this book in m 

47. Use Table 6 to answe?the fotioWifjg questlons^ Give your 
-answers In terms of orders of iftagnltude. 

(a) How many times larger Is a whale than a human being? 

(b) How many times. larger is el human being than bacteria? 

(c) How many times larger is a whale than bacteria? 

48. Table 6 indicates that the height of humans and the height of 
elephants are" of the same, order of magnitude. Show that this 
Is true by looking up some actual sizes. 

49. - Within how many orders of magnitude are mammals that either 

walk or run? , 

* 4. 

50. (a) Are the areas of all the continents of the same order of 
magnitude? 
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(b) Are the areas of all the oceans of the spme order of 
magnitude ? 

f 

51. Which would represent the greater change for a given number 
Increasing the number by one order of magnitude or doubling 
the numl?er? ' 



52. Since computers c<an calculate much more rapidly than people 
can, computers have lowered the -cost of doing calculations 
by 3 orders ^of magnitude. What would a car cost If Its price 

' were to drop by 3 orders of magnitude? 

53 . Obtain a copy of the Guinness Book of World Records to help 
you answer the following questions ♦ l^^' . 

How many orders of magnitude 

(a) heavier was the largest fish ever caught with a, fishing 
rod than the smallest fish? • 

(b) faster was the fastest typist In English than the fastest 
typist In Chinese? 

(c) longer was the longest scheduled flight than the shortest 
one? ' , • 



SECTION 7 THE MEANING OF "PER" 




You often see ads like those of Figure 4. If you were buying 
food for your cat^ which can^ should you buy? The amount of cat food 
In each can Is different, and so to decide which Is a better buy, you 
should not compare the advertised prices directly. Assuming that the 
quality of the food Is the same In both cans, we should compare. the 
cost of one ounce. ' * - 
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In calculating the cost of one' ounce we divide the cost of a 
can by the number of oiinces in the can. The' result of the division 
is the cost-,c5f one ounce- or the cost per ounce. In general, this 
quantity is known as the unit price > Since the unit price depends" 
on the unit of weight used, this unit is written explicitly in the cal- 
culation and in the result. 



Figure 4 




^ CAT ; 

FOOD- I 

6.6 

20 /i 




In our example the 6.5-ounce can costs 20^^. Therefore the 

unit price of cat food in that can is — = 3.08<!^/oz, which we 

6*. 5 oz 

read as "3 .08 cents per ouhce. " In comparison, if you were to buy 

53^ 

Irfie large can, you, would pay — — = 3.31<^/oz. Therefore, in this 

1 o oz > 

case the small can is a' better buy. 



Let us lo'ok at another comparison. An ice skater covers 
1000 meters in 1.5 minutes. A second ice skater covers 1500 meters 
in 2.3 minutes. Which skater is faster? Knowing only the skating 
time or only the distartce covered is npt enough to provide an answer. 
The question "how^fas't** is answered by distance per unit time, which 
is called speed . " * 
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The'^flrst skater covered "^^^^ ^ = 557 rn/min ("66*7 meters 

1 . 5 min 

minute"). The second skater, on the other hand, covered 

1500 m '\ -I ^ 

T—i — = 652 m/min. Tjie first skater is^ therefore faster than the 

2.3 min 

second. 




54. In many states grocery stores arfe required byiaw to state the 
unit plrice for all commodities. * Why do you think th4:S law was 
passed? ' . ^ ' 



S5. You can buy your favorite brand of orange soda in a 2-liter 
bottle for izh or in a 0.3-liter can for 15<^. 

(a) What is the unit price for the bottle? For the can? 

(b) Which is -the better buy? . 



56. A 15-ounce can of peaches costs 23 cents, and^a 24-ounce 
can costs 35 cents- Which cart is a better buy? 

57. In 1975 U.S. government expenditures were about 3 x 10^^ * 
dollars. In order to really understand hbw much money was 
spent, figure out how many dollars per person that is (U.S. 

, population - 2 X lO^ people). 



58. In the reading section the cost of the can in pents was divided 

* by the weight of the cat^ood in ounces. We could also have 

» divided the weight .in 6unt:es by the cost in cents. For example 

^ i.u 1 ij ^ 16 ouhces , ^ 

for the large can v{ewould get 53 cents 0*30 ounces for 

for each cent,, or O/STToz/^^. 

(a) Does this quantity mean anything, and if so, what? 

(b) What advantage is there to'knowing o^A Irather than ^/ozl 
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59. Describe some situations that would involve quantities given * 
in the following units. 

/ V meters 
second 

^^^^ 

^j^j dollars ^ 

person i . • ' > 

^ . ; 

(c) • ■ \ 

person 

(d) 

meter 

60 . Why do you think speeds of trains or cars are stated in km/hour 
and sp^ds of runners- in m/sec? 

61. A good runner runs 100 m in 12 seconds. What is thq runner's 
speed in m/sec? In m/min? 

* 

62. Use Table 7 to answer the following questionsr 



' f ABLE 7: Rates of Travel 


Traveler - , ^ 


Speed in km/h , 


Common garden snail, slowest 


0.006 


Com:mon garden snail, fastest 


0.05 


.Giant tortoise, slowest 


0.27 • 


Human, 'yvalklfl^ 


5 


lijuman, bicycling 


25 


Hare 


50 


Cheetah 


97 


Jet airplane 


"lOOO 


SST , ' • 


2250 ^ ^ 



(a) By how many orders of magnitude Is ttie fast ^nail faster 
than the slow snail? , , - ^ * 

(b) If a man bicycling^^could Increase his speed by 2 orders- 
of magnitude he would gd as fast as which other'' entry ^the 
table? 

(c) By how many orders of hiagnltude faster Is' the hare than the 
the fastest snail? 



63. Look up the area and the population of your town, and calculate 
the following: , 



(a) People per km^ 

(b) km^ per^person 



64. In 1971 the population of New York City was estimated at 

7.90 X 10^ persons. New York City has^ an area^f 830 km^. 
For the same year the popOlatton of Singapore was estimated 
-at 2.15 X 106 persons. Singapore's area is 190 km2 . .Which 
is more crowded, New York City or Singapore? ^ 



SECTION 8 POPULATION DENSITIES 




* The number of persons pen^unlt .area is a useful measure for 
determining how cr^^ed a region is. We refer to this number as 

* the population density . The population density, of cour^, differs 
for cities, rural areas, and deserts. When we divide the total popu- 
lation of a country by the total area of that country, we get the 
averaqje population density for the entire country; 
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65. 



Using Table 1, which lists the areas of the continents, and 
Table 3, which lists the populations of the continents, caly 
culate the average population density of each continent for 
1970. Which continent was most* crowded? / > - 



66. The following table lists the populations and the areas of 
selected countries. 



Country 



PopulaUon 


Apea 


(persons) 


(km^) 


2 X IO^ 


1 X 10^ 


2 X 10^ 


9^x 10^ 


3 X 10^ 


2 X 10^ 


1 X 10^ 


8 ^ 10^ 


6 X 10^ 


3 X 10^ 



Canada ^ 
U.S.A. 
U.S.S.R. 

♦ 

Australia 
India 

Ca) Which country has the \argest .population ? Does this 
country alsp have the largest areer? ^^^^ 

(b) Which country Is^most crowded? 

(c) Rank the countries from most crowde^d to least croW3ed. 



r 



67. Some parts of the worl^ are more crowded than others. The ^ 
following l^ble shows population densities for various loca-. 
tions in United States. * , \ 

Population: Density ' 

Place f A 2\ • 

(persons/lcm'^) 



Wyoming 


1.3 




Wasliington/^ D.C. 


4.8X 




Micfiigan 


6.0 X 


lo' 


Alabama 


' 2 .6 X 


lOl 


New Jersey . " 


3.7 X 


10^ 
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(a) . If the entire' United States were populated^^s densely as' 
.Wyoming, what would the national population be? 

(b) What would the U.S. populat^lpn be If It were populated^ 
as densely as Washington, D.C.? 



68. 



69, 



The most den^ly populated territory In the world Is the Por^u- 
guese^provlnc\of Macao off the southern coast of China; It 
has an estimated population of 321,000 (June 30,1971) In an 
area of 1 6 km^ . 

(a) What Is the population density of Macao? 

(b) What would be the population of the earth If It were as 
densely populated as Macao? ' 



Population density Is calculated as people/km^. What would 
be the meaning of km^/person? 



70, 



L 



Table 8 gives the area of cultivated land by continents . Com- 
pare this table, with Table 1 . What accounts for the difference? 



TABLE 8: Cultlvi&ted Land by Continents, 19Z,0* 



— ^ 



Continent 

Africa 

Asia 

Australia 
Europe 

North America 
South America 



Area In km^ 
2.04 X 10J5 
4.49 X 10^ 
4.7 X 105 ^ 
4.53 X 10^ " 
2.2 X 106 
1.2 X 10^ 



71 . U^ Table 3 and Table 8 to answer the following questions. 

(a) Foneach continent In -19 70, how many people were fed 
^ by each^ip2 of cultivated land? 
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(b) Which contment'do you think Is most likely to have, a 
food shortage? Which Is most likely to have a food surplus? 

(c) What is the number of peopleAm^ of cultivated land for . 
the worl^ taken as a whole? ' • ' 

(d) Which continents arp«above the world figure for peopleAm^ 
o^cultlvated land? Whlch'are below? 
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SECTION.l ^HAT IS THE RULE? 




Twelve different cards are to be divided in any way between 
two players. We allow for the possibility that one player will get . 
them all. Iri how many different Ways can this be done? 

Form small groups and see if you can find all'^e possibili- 
ties. If yoa get tired before you have found the answer, trxfirst to 
find^the number of ways of dividing Z .caf^s. Then try 3 cards ^Hhen 
4 cards. Do your answers appear to follow a general rule? Predict 
what the number of ways would'be if you were given 5 cards. Verify 
your answer. Now what do you think the answer should be for 12 
cards? 



As you have seen, knowing a general rule can help us"cin- 
swer questions that might oth^vlse be very difficult. Let us con- 
sider another example. 

If yoxy^ve 5 T-shirts (white, blue, black, browin, and 
striped) and 3 pairs of jeans (white, browg, and blue), how many- 
different outfits can you make from them? ' If you decided to wear 
the white jeans, there would be 5 possible choices of T-shirts, and 
so the number of ways in this case would be 5. Similarly, there^ ^ 
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are 5 outfits wit^ the brown jaans and another 5 with the blue. 
Adding up, we get 5+5+5 outfits.- There are no other possible ' 
outfits. The answer is therefor^^x 5 = 15 outfits. 

We can generalize this reasoning to any numb^fof jeans 
and T-shirts: ' ' 

Number ©f outfits = (Nuhibef of jeans) x- (Number of T=^hirts) \ 

We can simplify writing such 'rules by using ^mbols 
the quantities involved. We can denote the numbec^f jeans by_i, 
the number of T-shirts by_t, and-the number of possible outfits by^ 
n. Then, the rule becomiea ' . ' 

\ ' . n = j X t . ' ^ ^ ^ 



How many outf-its can-you maka from four different pqilrs of. 
jeans and 'four different T^sWlTs? c 

The map In Figure 1 shows 5 reacts from SandpiVto Seaside^ - 
and 6' roads from Seaside to Mudhole. By hoWmany possible 
routes can one travel from Sandpit to Mudhole? ' What ru^e 
did you use? State the' rule with symbols. 



Flgujj^e 1 



SANDPIT 




MODHOLE 



3. By^ how many dlfferentTout^s is ll^possible to tcrfvel fro 
Sandpit to Mudhole and then tack to Seaside? 
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4. (a) George Is* now 15 years old and his sister Jane Is 12; 
-How .old will Ja-ne be when George's age Is 20? 30? 55? 

OS) State a rule that expresses Jane's age in terms of 
George's age. 

5. Suppose that you ha\fe a narrow strip of wood that is 1.50 m 
long and you wish to use all of it to make a rectangular pic- 
ture frame. 

(a) What win be the height of the frame if you -make the width 
30- cm? 40 cm? 50 cm? 

(b) Give a general rule that expresses th^ height of the frame 
. in terms of its width. ' . ■ ^ 



6. An entire school is to be taken on a picnic by bus. Each bus 
can hold 40 passengers. How many buses Will be needed if 
• thfi number of students and teachers Is . ' 

(a) 400? 

• ' (b) 586? . ^ 

(c) 740? 

(d) 82 0? 

Describe In words how you wouW find the number of buses 
for any number of people. 



SECTION 2 VARIABLES 



look again at the rule in the previous section: ' 

Number of outfits = (Number of jeans) x -{Number of T-shirts) 
dr ' • 

n = j X t 

^ Margaret has 5 pairs of jeans and 7 T-ghirts sfiTcan make 35 ^ 



outfits. Ai someone collected 33 jeans and 29*ilrshlrts the rule ' 
tells ui that 33 x 29 - 957|' outfits could be made. The numbers 
of jeans, T-shirts, and outfits can vary from one case t^ another * 
and are, therefore, ^called*. variables. 

We can choose what, th^ numbers of jeans and T-shlrts'wlll 
be. The corresponding number of outfits will then be given unlquaely 
by the rule. For this reason, we call the numbers of jeans and 
T-shirts In this problem Independent variables . Th^ number of out- 
fits, which depends on these variables according to the rule. Is 
the dependent variable . 

o Another common way of saying the same thing Is that the 
number of outfits Is a ^function of the number of jeans and the num- 
ber of T-shirts. 

Here Is an example of a different function. If you earned 
$C.OQ and spent some of It, the amount you would have left would 
be a function of how much you have spent. Specifically, 

Amount left = 5.0D — amount spent 

The amount spent Is the Independent variable and the amount left 
Is the dependent variable. ' 

^jB can write, this rule using symbols. Let s, be the amount 
of money spent (in dollars) <and the amount left (In dollars) . The 
rule can now be written as • ' ^ ,,4,^ 

i = 5.00- s 
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The diagram In Figure 2(b) is similar to the diagram in Figure 2 Ca) 
but Is magnified by a scaling factor of 1 . 5 . Let £ denote the 
length of any line In (a) and £ the length of the corresponding 
line In (b) . Write the rule that expresses £ as a functl6n of 



Figure 2 





In Problem 6, dealing with the school picnic, which Is the In- 
dependent variable? Which Is the dependent variable? 

(a) Express the volume of a block as a function of its length, 
width, and height. 

(b) What are the independent variables that determine the 
area of the base of the block? 

Express the area of the surf,?ce of a cube as a function of the 
length of its edge. 

Suppose that in a supermarket you bought some beef at $1.70 
per lb., coffee at $1.60 per lb. , and breakfast cereal at 
60 cents per package, depress the total bill as a function of 
the amounts of beef and coffee and the number of packages' 
ot cereal that you* bought. Identify any symbols that you use. 

\ ^ 
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12. Using symbols, express the perimeter of a square as a func- 
tion of the length of its sfties. 



13. (a) Which are the Independent and dependent variables in 

Problem 5? " . . , ^ 

(b) Express the area enclosed by the frame as a function of 
Its width. 

(c) What would this area l3e if the width were 30 cm? 40 cm 7 
50 cm? 



1^. Suppose that you set out* from Sandpit (Figure 1) knowing that 
there were 5 roads to Seaside but not knowing how many roads 
there were from Seaside to Mudhole. U^lng symbols,- state 
the rule that expresses the total number, of possible routes 
from Sandpit to Mudhole as a fynctlon of the number of roads 
" from Seaside to Mudhole. In this rule which are the indepeild 
ent and dependent variables? 



SECTION 3 WAYS TO WRITE FUNCTIONS 




There are some generally accepted ways of writing mathe- 
matical expressions that make tiiSm shorter and simpler. 

We can write the product of two or' more quantities repre- 
sented by symbols by simply writing the symbols side by side with- 
out the multiplication sign, X. For example, If _a denotes the length 
of -a block, b Its width, and c Its -height, we may write the formula' 
for Its volume, V, as 

V = abc 
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We can use a similar convention if we wish to multiply some 
definite number by a quantity represented by a symbol.. If "hot dogs 
at a stand cost 40 cents each, then the cost of n hot dogs could be 
written as 40n cents, or 0.4n dollars. 

In any product involving syn&ols and a numeral, the accepted 
notation is to write the numeral on the left.- The cost in cents of n 
hot dogs is written as 40n, not,n40. 




15. Could you omit the multiplication sign from the following? 
State reasons for your answer. 



(a) 7X3 

(b) 5X6 

(c) 4X4 



(b) 5X6X2 



16. In simplified form, write: 

(a) p X 

(b) p X q X r 

(c) 2 X a X b 
• (d) c.x 12 

(e) c X 5 X d 

17. Write the following in simplified, form, 

(a) 3 X a X 4 

(b) pX2XqX3 
.(c) 5X2.4Xp 

(d) q X 7.9 

(e) 7 X 8 ' 

43 
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We often have to work with expressions that are sums or 
differences of quantities, some of which may be prt)di;cts of several 
factors. Expressions of this kind can be quite cumbersome ^^rite. 
Consider, fof example, an e^q^ression such as 

(7a) + (be) - .(5c) +(2X4) 



To simplify the writing in cases like this, the following rules have 
' been adopted. ^ 

• (i) When the factors In any product are not all numbers, 
but include at least one symbol, the parentheses 
are pmitted. 

(ii) When all the factors in a product are numbers, paren- 
theses are needed. 

The, preceding expression would therefore be written as 

7a + be - 5c + (2X4) 

• Rec|illihg what we learned at the beginning of this section, we see 
that the parentheses can be omitted pl-ecisely in those cases in 
.Which^the multiplication sign can be omitted. 



[Si 



18. Write, as simply as possible: 

(a) ' (3 X a X b X c) + (5 X b X c X d) + (9 X c) - (3 X 5) 

(b) (1.5 X p X q) --(a X b X c) 

(c) (6 X m) + (3 X 2 X n) 

(d) (3 .2 X p X q) + ((-2) X 4 X r) - (8 X 6) 



19. A customer at a supermarket bought £ packets of cookies at 
60 cents per package, d cartons of eggs at 97 cents per car- 
• ton/ and s. bottle's of soda at 3 5 cents per bottle. As simply 
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as possible, express the total bill in cents as a function of 
d, and s^. 



a cUjptomer made the same purchases as in Prob- 
as entitled to a refund of 10 cents for returned 



20. Suppose that 
lem 19 but was entltl( 

efi^ty bottles. Again, as simply as you caA, express the 
bill In cents as a function of d, and^. 

f 

21. ^ Express the surface area of a block as a function of Its lengtt\, 

width, and height. Use symbols and write the expression Ir^ 
as simple a form as you can. 

•5 

22. ' An Automobile Association of America (AAA) publication esti- 

mates on the basis of a number of tests that the average driver 
3 

takes ^ of a second before reacting to an observed danger. 

If V denotes the driver's speed in m/sec and d the distance In 

3 

meters that will be traveled during the j-second time lag, ex- 



press jd, as simply as possible^ in terms of v 



You learneci In Chapter 3 to write 10^ for 10 x 10,. 10^ for 
10 X 10 X 10, .and so on. We can use this notation quite generally 
for repeated multiplication of any number. >or Instance, we can 
write 7^ for 7x7 and 13^ for 13 x 13 x 13 x 13 . • 

The number-9^, 9 x 9*x 9 x 9, Is read as "9 to the 4th." In 
the same way 2.1 X 2 . 1 X 2 . 1 X 2 .1 X 2 . 1 = (2.1)^ Is read a». "2.1 
to the 5th." ^ . • ■ . *• 

*We can also use this notation with symbols and write a^ for 
a X a, b^ for bx b xb, etc. The product a x a x a x a = a^ Is read as 
"a tp pie 4th," and so on. 
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We can now write many functions more slmply4 For example/ 
If i_ Is the side of a square and A Its area,^we can write the area as " 
a function of the length of the side: 

Similarly, If _s Is the edge of a cube and V its volume, we 'may write 

V=s3 , 

Foo" these reasons the quantlty-i^ often referred to as '^i squared"* 
or "the square of i/'^and s^ is called "s cubed" or "the cube of^s."/ 
There are no special names for other powers. // 

, To avoid confusion it has been generally -agreed that'an ex- 
pression such as pq^ stands for p(q^) and not (pq)^. 




23. Write, as simply as possible: ■ • 

(a) a X a X a x b X b^^ll 

(b) d X d X e 

(c) s X s X t X t . 

(d) k X m X k + k 

(e) c X d + c X c ' 

24. ' What Is wrong with each of the following statements? 

' (a) a^ + b' = a X a X b • 

(b) d X d X d = 3d 
' (c) (2a)2 = 2a2 

(d) -c2 = C-c) X (-c) 
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SECTI ON 4 FINDING VALUES OF F UNCTIONS ^ \ 

fir 

Suppose we are given a function, J, as defined by 

f = 7a + be - 5c + (2 X 4) 

and numerical values for the independent variables , a = 1 ; b = 2 , " 
and c = 3 . To find thg value of this function we replace each symbol 
In the expression by the corresponding numerical value: 

f - (7 X I) + (2 X 3) - (5 X 3) + (2 X 4) 

0 

Note that we used parentheses accofdirtg to Rule (ii) in Section 3 . 
Performing the indicated operations, gives us 

f=7+6-15+8 
= 6 

If we are given different numerical values for a,-b, and c, 
the value of the function, J, may be different. For example, if a = 4 , 
b.= 3, and c = (-1), then the value of the functlo'h Is now given by 

f = (7 X 4) + (3 X (-1)) - (5 X (-1)) +(2X4)' 

/ \ . = 28 + (-3) - (-5) -^*8 • • 

^ =38 ■ ^ . ^ 




25. Evaluate 5x + 4y- 3xy In the following cases" 

(a) X = 4 , y = 1 ^ . 

(b) X = 1 , y = b 
.(c) X = 0, y = 1 
(d) X « 9 , y = -2 
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26. 



Evaluate 10a + 2abc- 9 in the following c^ses, 

(a) a^l,b = 2,c=3 ^ 

(b) a = -1, b = 2, c = 2 

(c) 'a = 0.5, b 7= 4, c =1 



27. When we are given a temperature on the centigrade scale and 
we wish to express it on the Fahrenheit scale, the rule is to - 
multiply the centigrade temperature by 1 .8 and add 32 fo the , 
product. Use symbols to dxpre?^ this rule as .simply as you ■ 
can. Be sure to define your symbols. , 



28. Evaluate the Fahrenheit temperatures that correspond to the 
following centigrade temperatures . 



(a)' 


100°C 


*(b) 


• 0°C 


(c) 


20°C 


(d) 


-40°C 


(e) 


37°C 
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29 . Use^he formula A = to, finfl the area of a square with, side 



30.' 



31. 



32. 



i = 8. 5 cm. 



Use the formula 
s = 5 cm. 



a V = s^to fifKLj 




e- volume of a cube with edg^ 



If the base of a prism is a square*of sid^^ and the height of 
the prism is* ]i, its volume, V, is given^by V = s^h. Find V.^ 
when 



(a) s = 4 and h 

(b) s =^ 6 and h 



Evaluate p^ + 8 when 
(a) p = e 




( 



V 

{ 
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(b) p = 2 . 5 

(c) p = 1 ' 

^ (d) p = (-4) ■ . • ^ 

Evaluate a2 - 3a + 2 for the fallowing values of a.. 

(a) as=Jl • , • 

(b) a = 0 ' J,. 

(c) a = 2 ' 

(d) a = (-1) 

Evaluate 4s3 for the following values/of s. 

(a) s = 1 

(b) 3=4^ 

(c) ' s = 3 1 

(d) s = 10 ^ ' ' . ' ' 

Evaluate d2 + f3 when d = 5 and f = (-2). 

Which is greater? * 

(a) 2^ or 32 

(b) 43or3'' , 
.(c) 2^ or 42 / 

The volume of a sphere is approximately eaiial to 52 percent 
of the volume of a particular cube. ThB efte of this cube is 
equal In length to the fllameter of the sphere. 

(a) Express the volume of the sphere as 'a function of its ' 
diameter. | 

(b) Find the volume of a sphe^ that has a diameter of. 6.0 c 

(c) Find the volume of a sphere that has a radius of 6.0 cm. 



m, 
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38. It Is estimated that the world's population is Increasing by a ' 
factor of 1.2 every decade. (A decade is a period of 10 years.) 
In 1970 the worid population was 3.6 x 10^. Express as a 
function- of n wnat the expected population could be n decades 
after 1970,, if the present trend continues. , 

Use this expression to predict, on the same assumption, the 
world's population in the year .2 000. 



SECTION 5 



CIRCLES^AND -CYLINDERS 



Circles of different radii have different areas; therefore, 
the area of a circle must be a function of its radius. In this sec- 
tion we will derive a rule that tells us how to calculate the area 
of a circle when* we know its radius. 



We will begin by rearranging a circle into a shape that has 
an area we can easily calculate* First, we diyide a- circle into 
^t equal pieces, as shown in Figure 3(a). Then we reassemble 
the pieces so that they form a new shape, as in Figure 3(b). 



Figur&-3- 
(a) tb) 




Figure 3(b) lopks something like a parallelogram, except 
that the base and the top are not straight lines. Instead, tjje^a^se^^^ 
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and the top each consist of four arcs of the circle. The area of the 
"parallelogram" is equal to that of the'^ircle, because the new 
shape is made by rearranging the same eight pieces of the circle . 
Also, the.four arcs that form the base are simply four of the ^ight 
equal arcs into which we had divided the circumference of the pir- 
cle/ Therefore, the combineS length of these four arcs^equals half 
of the circumference. 

Let us divide the same circle into, a greater number of equal 
pieces and reassem^ them [see Eigure 4(a) and' (b)] . Figures 4 
and 5 show the results of doing this for l6 pieces and for 32 pieces. 




It does not matter into how rtiany equal pieces we divide the 
circle: The area of the "parallelogram" that they form always equals 
the area of the circle. The sum of the'lengths of the arcs that make 



51 



up the base remains equal to half the circumference of the circle. 
By comparing. Figures 3, 4, and we can see that as the numb^ 
of pieces Increases, thel)ase of tl\e "parallelogram" becomes more 
like a straight line. Now let us also look at the angle labeledNa, 
As th'e number of pieces Increases, this angle ^ts closer an& 
closer to 90^. Therefore, with a large enough number of pieces 
the "parallelogram" will look just like a rectafigle having a base ^ ' 
equal to half the circumference and a height equal^to the radUis 
(Figure 6). * - * 

Figure 6 




^CIRCUMFERENCE 



How can we express half the circumference of a circle as 

a function of^ts radius? Since clrctimferenc^^*^ tr x diameter/ 

1 * 

r- circumference = tt X radius, or simply trr. You will recall that 

^ I, ' ' 

tljie area of a rect^gle is given by the product of its base and Its 

height.. Therefore^ tKe area-^f the circle Is given by tj^e rule 

A 5= Urlr = -n'r^ 




39. 




Calculate the area of a cli'cle 

(a) 12'cm 

(b) 4 A cm 

(c) "^5 cm 



rac 



dlus Is 
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What is the"* area of the largest circle that can be cut from a 
square piece of leather 13 cm on^ a §ide> 

(a) Without calculating^, decide which area Is greater, that 
of -one circle with a radius of 12 cm or that of two circles 
each 6. cm In radius . 

(b) Check your answer by calculating these areas. 

A pizza that has a 10-lnch filameter costs $2 In a certain 
store. If you were the store manager and decided to sell 
14-inch pizzas, about how much should you charge? Why?^ 

In terms of tr, find the area of the shaded ring shown In 
Figure 7. Could you draw a circle that has an area exactly 
equal to that of the ring? ' 




(a) . Consider a cylinder that has a h^tfht h and a circular 
base of radius j;. tScpress Its volume V as a function of h 
aodj;. _ ^ ' ^ 

(b) What Is the volume of a tin can that has a height of 
15 cm and a radius of 6 cm?' 

If a can Is 8.3 cm tall and has a diameter of 6.6 cm, what 
volume of softp coyld It hold ? ' ^ ' 
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46. A solid aluminum cylinder has a radiusj;"and a height of 
10 cm. Each cm^ of aluminum weighs 2 . 8 g . Express the 
weifght of the cylinder as a function of j;. 



47. The radii and heights of three cylinders A, B, and C are 

given in thie following table. Which cylinder has the great- 
est volume and which has the least volume? 

' i 

Radius Height 
(in cm') (in cm) 



^ A 
* B 
C 



2 
4 



8 
4 
2 



48. Express the total surface area of a circular cylinder as a 
function of its radius and height. 



SECTION 6 



PERMUTATIONS 
; * — 



We saw in Section 1 that if we have jeans and^ T-shirts 
we can makejt outfits. This rule is a special case of a more gen- 
eral rule. Suppose that we have to perform a pair of operations. 
If ^ denotes the number of ways of doing the first operatioa/b the 
number of ways of doing the*second, and the number of ways of 
doing the* pair, then 



N = ab 



/ 




49. ' A^^customerJiv^ restaurant is deciding among the following 
Items', which he has selected from the menu. 



7 
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Main Dish Dessert 
Fried chicken Apple pie 
Fried fish Cheese cake 

Seafood Ice cream 

Steak . ' . 

In how many different ways can he choose his meal? 



A girl and a boy have to be chosen to represent their class 
at a meeting. If there are 14 girls and 12 boys in the class, 
in how many ways cSn the pair be selected? 



\ 51. You have to perform three operations and there are a^ ways of 
doing the first, b ways of doing the second, and c ways of 
doing the third. Express the number of ways, o£ doing 
all three as a function of a,, b, arid c. 

52. Suppose that-the restaurant customer of Problem 49 also 
wished to choose from among four possible beverages. Whcit 
would now be the total number of .possibilities open to him? 

53. Suppose we have two objects, • and ■ , and we wish to 
arrange-them in line. Clearly, there are two arrangements 
possible, either #■ or . In how many ways can 
three different objects be arranged in line? Explain your 
reasoning. 



The different orders in which a given number of objects can 
be arranged on a lipe are called permutations . - For two objects ,# 
ahd ■ , there are' two permutations; *•■ and l# . In Prob- 
lem .53 you found the permutations of three objects. Clearly, the 
number of permutations depends on the number^f objects. What is 
the rule that expresses this dependence? 
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Let n denote the number of objects. To arrange the objects 
we must decide which to put in the first^place, which to put in the 
second/ and so on. There are n possibilities for the firsjt^place. 
The number of possibilities left for the secondNplace is (n — 1) be- 
cause one of the objects has already been usSd to fill the first 
f>lace. The number of ways of fillipg the first two places is there- 
fore n(n — 1) . * ' ' 

The number of possibilities lor the third place is (n~ 2), 
since that is the number of objects left now that the first two have 
been selected. The number of ways^of filling the first three places 
\s therefore n(n - l)(n- 2). We continue in this way until all the- • 
•^objects have beerfplaced.- The number of possibilities at each step 
is one less than at the previous step. For that last place there is 
only one abject left. ^ » 

If £ denotes the number of permutations of n objects, we 
see that ^ 

^P = nX(n-l)x (n-2)x ...X3X2X1 

that is, the product of all positive integers up to n. The- product, 
n X (n — 1) X'(n - 2)'X . . . X 3 X 2 X 1, is usually written more com- 
pa^ctly as n! , which is read as "n factorial.*' Therefore, 

^ ' P'= n! ■ - ' 




54. Calculate the following . 

(a) 6! , 
. . (b) 9! • f 
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(c) 10! 

(d) -l! 

&5. ^ In how many ways ca-n six different objects be arranged? 

56. There were seven candidates on the ballot in a presidential 
primary election* ' Assuming that there vyere no ties, state 
how many^different outcomes were possible. 



57ar In a track meet five gi^s have entered the 1000-m race. In 
how many ways can the five girls be positioned in the five 
, starting 1/anes? 



.58.* How many 5-digit numbers can you make that contain all the 
odd digits 1., 3, 5, 7 , 9 with each occurring once? 

■ 5 • ; • 

59. Seven competitor%.take part in a race. At the. end of the race 
the names of who came in first, second, and third are an-' 
nounced. How -many possible outcomes are there? 



60. A grpup of S^boys and 3 girls Is to be photographed with the 
boys' seated In a row and the girls standing behind them. In 
how many ways can the grbup be arranged? 

* 

\ 

61. How many even numbers haying 5 digits can you caake If the; 
first digit on the left^may not be 0 ? " ^ 

*# 

62. How bany different 4-dlglt number's are th^re that have the 
first digit different from 0, the second odd, and the last 2 
digits different from each other? 
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At the beginning of this chapter we discussed in how many 
ways we could divide a number of different cards between two 
players? We can now answer the question completely. 

Suppose there were 5 cajr^is^in alk For each card we would 
have to decide whether to give it to the first player oi; the second*. 
The number of pdssible decisions for each card is therefore 2. 
Since the same decision has to b^ made for each of the 5 cards, 
the total num^Der of possible decisions is 

2X2X2X2X2 = 2^ = 32 

It is also clear that if there were 12 cards, the number of p6ssihle 
decisions y/ould be • 

2^2 ^ 4096 

Quite generally, if we denote the number of cards by n and the num- 
ber of possible.ways of dividing them between.two players hy D, then 

D=2" . V 



63". A set of c cards is to be divided. 'among £ players. Let N 

denote the number of w^ys in which the cards can be divided,' 
and express N as a function of £ and £. ^ . 

64. Five different objects are to be divided amg^tg three people. 
In how^many ways can this be done? . ' ^ 

65. Before Mercedes went away to college, she left at home a 
shelf of 15 books and told her younger'sister Amanda to take 
any of them that she wanted. How many possible choices of 
one or more books could Amanda mal^e'? 
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